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ABSTRACT. We give a construction of slp-categorifications for Ug(gl,), for
generic ¢ and for ¢ a root of unity.

CONTENTS

Introduction

Monoidal categories

Affine braid group action in ribbon categories
sly-categorifications

Quantum gl,,

slo-categorifications and derived equivalences for generic g

. sly-categorifications and derived equivalences for g a root of 1
References

AN ol

SIslsIST=I=1=1=!

1. INTRODUCTION

The notion of sl;-categorifications was introduced by J. Chuang and R. Rouquier
in [ChRo]. In op. cit. it is explained how an sly-categorification on an abelian
category A leads to an auto-equivalence of the derived category DP(A). This is in
turn elegantly exploited to give a proof of Broué’s abelian defect group conjecture
for blocks of symmetric groups [ChRol Thm. 7.6].

The g-Schur algebra is the centralizer algebra of a certain module for the finite
Hecke algebra of type A (see [ChRa, §7.6] for the precise definition). In [ChRo], the
authors explain how sls-categorifications may be obtained for the ¢-Schur algebras.
This is done by constructing sls-categorifications for the finite Hecke algebra and
then transferring these to the ¢-Schur algebra using a ‘double centralizer theorem’
(see [ChRol §7.6]).

The purpose of this note is to give a direct construction of sly-categorifications for
the quantum group U,(gl,,) (Prop. and Prop. . A particular motivation
for doing so is Thm. Which is in the same spirit as [ChRol Thm. 7.24]. A related
example fitting into this setup can also be found in [BS] (see Remark 5.7 therein).
We construct sly-categorifications for Uy(gl,,) in the case of generic ¢ (see and
for ¢ an ¢-th root of unity (see . The reader will note that in the root of unity
case we allow £ = co. However, this does not subsume the case of generic ¢ in §6|as
the categories of Uy (gl,,)-modules that we work with are different. In §6[ we work in
category O that, in particular, contains infinite dimensional modules such as Verma
modules. In §7] we work with categories of finite dimensional representations.

Let me now briefly explain how the approach in this note differs from the one in
[ChRodl §7.6]. One of the ingredients required to construct an sly-categorification is
an appropriate action of the affine Hecke algebra (see . In [ChRol §7.6] this action
is automatic, since there the authors work with modules for the Hecke algebra and
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use a double centralizer theorem to obtain the sly-categorification for the g-Schur
algebra. The approach in this note places the affine Hecke action in the general
context of ribbon categories (see . This is the main point of departure between
the two approaches.

Some final comments (I thank the anonymous referee for bringing these to my
attention): Cor. is folklore, it has its origins in a similar result for algebraic
groups due to J. Rickard [Ric, Prop. 2.2]. Further, although in this note we work
over the complex numbers C, it seems plausible that all the results go through in
the ‘mixed case’ (= working over a field of characteristic p with p prime to the order
of ¢). In this situation the relevant results on the representation theory of Ug(gl,)
would be provided by [AW]. However, I have not checked the details. In particular,
I am not sure that no subtleties arise with respect to the braided/ribbon structure
on the categories in question.

2. MONOIDAL CATEGORIES

The purpose of this section is to precisely define the type of categories we will
be working with. This avoids all possible confusion as to ‘how strict’ our monoidal
structures are. The exposition mainly follows [Tul (also see [CP]).

2.1. A strict monoidal category is a 3-tuple € = (€, ®, 1) consisting of a category
G, a bifunctor ®: € x € — €, a distinguished object 1 € € called the unit, satisfying
the following:
(i) ForalVel 1@V =VandVel=V.
(ii) Let X; and X» are two expressions obtained from V; @ Vo ® --- ® V,,, by
inserting 1’s and grammatically correct parentheses: an example of such
an expression is (V1 @ 1) @ (12 ® V3) ® -+ - ® V,). Then X; = Xo.

2.1.1. Remark. Almost all the examples of monoidal categories that arise ‘in na-
ture’ are non-strict (for example, vector spaces). That is, all the equalities in the
defining axioms need to be replaced by functorial isomorphisms. Fortunately, it is
known that every monoidal category is equivalent to a strict one [Macll Ch. XT §3,
Thm. 1]. This result will constantly be invoked to omit parentheses and the asso-
ciativity and unit isomorphisms in our formulas even when dealing with non-strict
monoidal categories.

2.2. Commutativity constraints. A braiding or R-matriz in a strict monoidal
category C is a collection of isomorphisms

Ryw: Vo W-—"We A,
for all V, W € G, satisfying:
(i) For every f: X — X' and ¢g: Y — Y’ in C, the diagram

Xovy 2 x oy (2.1)

:RXYJ/ ,LRXIYI
Yox 2Ly ex

commutes.
(ii) For every X € €, Rxy = id = Ry x. In particular, Ryy = id.
(iii) The following two diagrams commute for all X,Y, Z € C:

XoY®eZ (2.2)
id®Ry z Rixeviz

XQZY , ZRXR®Y
Rxz®id
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XeYeZz (2.3)
Rxy ®id Rx(vez)

YRX®Z - YRZ®X
1d®Rx z
Combining ([2.2) and ([2.3) we obtain the ‘hexagon diagram’, i.e.

YoXoZ (2.4)
Rxy®id d®Rx z

Rx(vez)

XY ®Z Y®Z®X

id®RYZJV JVRYZ(@id
R
XQZQY IO ZY QX

ZRXQ®Y

commutes for all X,Y,Z € C.

2.3. Duals. Let € be a strict monoidal category and let V' € C. A left dual to V is
an object V* € € along with two morphisms

ey: V'V -1 and n:l-VeVr (2.5)
such that the compositions

id®ey

V=1V " ,veviev Vel=V, (2.6)
V=Vl — L yrg VeV —E s 1e v =1 (27)

are equal to the identity. Similarly, the right dual of an object V is an object V® € @
along with morphisms

ey VeV® -1  and n:1-VeaV, (2.8)
satisfying the obvious analogues of the identities in the previous definition.
2.3.1. Remark. In [Tu] only V* is considered and is simply called the dual of V.

Our choice of ‘left/right’ is justified by the fact that the functor V* ® — is left
adjoint to V ® —. Similarly V® ® — is right adjoint to V @ —.

2.4. Ribbon categories. A ribbon category C is a braided category equipped with
an automorphism 6 = {fx: X "X | X € C} of the identity functor, satisfying:

Oxoy o (0x ®0y) ™" =Ryx o Rxy, (2.9)
for all X,Y € C.

3. AFFINE BRAID GROUP ACTION IN RIBBON CATEGORIES

3.1. Let € be a ribbon category. Fix an object V' in C. Denote by Fy the functor
V ® —: € — €. Define an endomorphism Y = {Yy;: Fy (M) — Fy(M)| M € €} of
FV by
Yu(VeM)=Ryy oRyu (Ve M).
Define an endomorphism o = {op: FZ(M) — F2(M)| M € €} of F2 by
o (V2@ M) = (Ryy ®id)(VE? @ M).
Let k € Z~ and define endomorphisms Y;, 1 <i<k+4+1lando;, 1 <i <k of F"}H
by
Y, = id®k—itl o Yyei-1gn, o = id®* @ Oy®i-1g) -

The following is well known (for instance, see [LRI).
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3.1.1. Proposition. Let M € C. The following equalities hold in End(Fi™ (M)):

0,05 = 0505, if li —jl > 1; (3.1)
0i0i410; = 01107041, (3.2)
0;Y;0; = Yi+1, (33)
oY = Yo, ifli-il> 1 (3.4)
0;YiYip1 = Yi 1Yoy, (3.5)
YiY; =YY (3.6)

Proof. The equality (3.1)) is clear from the definition of the o;s. It suffices to verify
(3.2) for i = 1. In this case it is simply the outer arrows of (2.4) with X =Y =
Z = V. To prove (3.3) it is again sufficient to do so for ¢« = 1. That is, we need to
show

(Ryv @id) o (id @ Rarv) o (id @ Ry ) o (Ryy ®@id) = Rvemyv © Ry (veur)-

Set X =Y=VandZ=Min to get (ld@:RVM) o (RVV ®1d) = RV(V@M)~
Set X =Z=VandY = M in (2.2) to get (Ryy ®id) o (id ® Ryv) = Rvem)v-
This gives the desired equality.

The equality is clear if ¢ > 7+ 1. If 5 > 1 + ¢ then follows by
applying (twice) with X = X/ = V®k—itl ¥y =y’ = y®i-1 f — id® "
g = oyei-1g). Equation is immediate from .

Finally, to show we may assume that i > j. If i > j 4 1, then the equality
is clear from and . If i = 7+ 1, then we are reduced to proving the claim
for 7 = 1. That is, we want to show

Rwvemyv © Ry e o (id @ Ryv) o (id @ Ry ar)
Z(ld & :RM\/) o (ld ® fRVM) o R(V@M)V o RV(V@M)~

Set X =Z =V and Y = M in the middle rectangle of (2.4)) to get

Rvemnyv o Ryveu o (id® Rav) o (id @ Ry )
= Rwemyv o (Ruv ®@id) o Ry (mgvy o (id ® Ry ),

put X =Y =V and Z = M in the middle rectangle of (2.4 to obtain that this
= Rwemyv o (Ryyv ®@id) o (Ryy ®@id) o Ry (vem),

set X =MV, X' =VeM Y=Y =V, f=Ryy and g = id in (2.1) to get
that this

=({d® :RMV) o fR(M®V)V o (fRVM 02y id) © RV(V@M)7

finally, set X =V M, X' =MV, Y=Y =V, f=Ryy and g =id in (2.1
to get that this

= (i[d® Ryv) o (id® Rvar) o Rvawmyv © Ry vem)- o

4. slo-CATEGORIFICATIONS

We now summarize some of the results of [ChRo| that will be needed later.
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4.1. The affine Hecke algebra. Let o € C*. Assume qg # 1. The affine Hecke
algebra Hyy1 = Hjy1(qo) is the C-algebra with generators T:5!, . .. 7T,jd, X ,X,all

subject to the relations
(T + 1)(T; — q0) = 0,
T =1 =TT,
XX '=1=X1X;,
TT, =TT, if]i-j> 1
LTl = TiaTiTiqa,
T X,T = qoXita,
T.X; = X;T;,  if|i—j| > 1;
i XiXipr = Xipa1 XiT,
X, X; = X, X;.
4.1.1. Proposition. Let a € C, N € Z~y. Then
T( Xy —a)N — (X1 —a)¥ T
=(q0 — DXo((X1 =)+ (X1 =)V (X —a) + -+ (X2 —a)V ).
Proof. If N =1, then the result is given by:
Ti Xz =gy ' T{Xa Ty = g5 (g0 — (1 — qo)T) X1 Th = XaTh + (g0 — 1) Xa.
For arbitrary N, proceeding by induction, assume the statement for N — 1. Then
T1(Xy —a)N = (X1 — )V 1T (Xo — a) + (g0 — 1) X2 (X1 — )V 72 (X5 — a)
+ (X1 —a) V(X —a)? + o+ (X —a)V ).

Applying the computation for N = 1, this is

= (X1 — )N H(X1 — a)T1 + (g0 — 1) X2)
+ (g0 — DX2((X1 — )V * (X — a)
(X1 —a) N B(Xy—a)? 4+ (Xo—a)V )
= (X1 —a)NTy + (g0 — DX ((Xy —a)N !
+(X -V (X —a) o+ (X —a)V ). -

4.2. Let Si41 be the symmetric group on k+1 letters. Let £: S;41 — Z>( denote
the length function. Let s; denote the simple transposition (7,i41). Given a reduced
expression w = s;, -+ 8;, for w € Sgy1, put Ty =Ty, --- T, . The element T), is
independent of the reduced expression.

4.3. Let H,{H denote the subalgebra of Hy,1 generated by the T;. Define
1:H,f_H—>C7 T; — q, and sgn:H£+1—>C, T, — —1.
For 7 € {1,sgn}, put ¢f , = > s, g (T,)Ty.

4.4. sly. Let sly be the Lie algebra of 2 x 2 traceless matrices. It has a basis given

by
e:(g é), f:((l) 8) and h=ef—fe=<(1) _01>
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Set
0 1
s = exp(—f)exp(e) exp(—f) = <—1 O> ’

st =em(fei-entn) = (| ).

Let U be a direct sum (possibly infinite) of finite dimensional sla-modules. Then
the operator s is well defined on U. If V and W are sly modules then sois V@ W
via

z(v@w) =2V QW+ v TW, zeshveV,weW.

4.5. Let A be an abelian category with the property that every object of A is a
successive extension of finitely many simple objects. Assume that the Hom groups
in A are in fact C-vector spaces and that composition is bilinear with respect to this
structure (i.e., A is enriched over C). Further, assume that the endomorphism ring
of a simple object is C. Write Ky(A) for the Grothendieck group of A. By definition
Ky(A) is generated by symbols [A], A € A and relations [A] — [B] + [C] = 0, for
every exact sequence 0 - A — B — C — 0 in A.

4.6. Write HoP(A) for the homotopy category of bounded complexes in A and
DP(A) for the bounded derived category of A. The Grothendieck group Ko(DP(A))
is generated by symbols [A], A € DP(A) and relations [A] — [B] + [C], for every
distinguished triangle A — B — C ~». The map Ky(D"(A)) — Ky(A) given
by [A] — >°,[H(A)], where H*(A) denotes the cohomology of the complex A,
is an isomorphism. The inverse is given by the map induced by the embedding
A < DP(A). We identify Ko(DP(A)) with K¢(A) via this isomorphism.

4.7. Adjunctions. An adjunction (F,F) is the data of functors E: A — B,
F: B — A and morphisms 7:idg — FE, ¢: EF — idg, such that the compo-
sitions

1en elg

v F and E—2" JEFE_—°'" . p

nlp

F FEF

are equal to the identity.

4.7.1. Remark. If A = B, then the adjunction (F, F') is precisely the data of a left
dual (=left adjoint) E to the functor F' in the monoidal category of endo-functors
of A.

4.8. Weak sly-categorification. A weak sly-categorification is the data of an ad-
junction (E, F) of exact endo-functors of A such that

e the action of e = [E] and f = [F] on V = Q ® K(A) gives a locally finite
slo-representation;

e the classes of simple objects are weight vectors;

e F'is isomorphic to a left adjoint of E.

Denote by ¢: EF — id and n: id — FE the (fixed) counit and unit of the adjunc-
tion (E, F).

4.8.1. Proposition. [ChRo, Prop. 5.5]Fiz a weak sla-categorification (E, F) on A.
Let m € Z and let V,,, denote the m-weight space of Ko(A) (viewed as a slz-module).
Let A,, denote the full subcategory of A consisting of objects whose class is in Vy,.
Then, A = B,,cz Am- In particular, the class of an indecomposable object of A is
a weight vector.
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4.9. sly-categorification. An sls-categorification is a weak sls-categorification with
the extra data of g € C* and a € C with a # 0 if o # 1, and of X € End(F) and
T € End(E?) such that

o (1gT)o(Tlg)o (LgT)= (T1lg)o (1gT)o (T1lEg);

o (T—|— ]1E2) e} (T — qo]lEQ) = O,
q@X1g if go # 1,
Xlg—T ifqg=1;
e X — a is locally nilpotent;

e To(lgX)oT =

where for a functor G, the symbol 14 denotes the identity transformation of G.

4.10. Given an sl,-categorification, define a morphism ~,,: Hj, — End(E*) by
Ti— 1gr-i1Tlgi and X;i— 1gn-iX1gi-.
Let 7 € {1,sgn}. Put E("F) = E*¢I the image of ¢} : E" — E™.
4.11. Derived equivalences. Let m € Z. Consider the complex of functors
O,,: Comp(A_,,) — Comp(A,,),

constructed as follows: denote by (0,,)" the restriction of Eenm+7) p(Lr) to 4
for r,—m +r > 0. Put (©)~" = 0 otherwise. The map

Lgmir—1elpres: EMtr-lpppr—1 o gmtr-1pr=1

restricts to a map d—": BenmAr) pln)  plsgnmar—1) plr=1) pyy

Orn=-— (0,) L5 (0,) 7 — ..
Then ©, is a complex [ChRo, Lemma 6.1]. Let © = D, cz Om-
4.11.1. Theorem. [ChRo, Thm. 6.4]The complex © induces a self-equivalence of

HoP(A) and of DP(A) and induces, by restriction, equivalences HoP(A_,,) ——
HoP(A,,) and DP(A_,,) — DP(A,,). Furthermore, the map induced by © on

Ko(A) coincides with the reflection s on Ko(A) (viewed as an slz-module).

5. QUANTUM gl,,

5.1. Let gl,, denote the Lie algebra of n x n matrices. Let §h denote the Lie sub-
algebra of gl,, consisting of diagonal matrices and let h; be the matrix with 1 in
the §th diagonal entry and 0 elsewhere. Let h* = Homg(h, C). Define ¢; € h* by
(€i, hj) = &;5. The trace form (-|-) on gl,, is given by (z|y) = tr(zy), where tr is the
ordinary matrix trace. This form is symmetric, ad-invariant and non-degenerate.

5.2. Let n be the Lie subalgebra of gl, consisting of strictly upper triangular
matrices. By definition, the set of positive roots R is the set of the eigenvalues of
h acting on n via the adjoint action. Thus, RT = {g; —¢; |1 < i < j < n}. The
restriction of the trace form to § is non-degenerate. Hence, we have an isomorphism
h — b* given by h ~ (:|h). This induces a non-degenerate form, also denoted (--),
on h*. This form is given by (e;le;) = ;5.

5.3.  The weight lattice P is P = {\e1+ -+ Anén | A1,..., Ay € Z}. The cone of
dominant weights P is

P+:{)\151+"'+)\n5n|/\12)\22"'2)\77,7 >\17"‘7>\nez}~

5.4. The Weyl group. The Weyl group Wy (= the symmetric group S, in the

case of gl,) acts on h* by permuting 1,...,e,. Set p = Z?;ll(n —1)e;. The dot

action of Wy on h* is given by w - A = w(A+ p) — p, w € Wy, A € h*.
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5.5. The algebra U, = U,(gl,,) is the Q[q, q~1] algebra with generators E1, ..., E,_1,

Klﬂ, ceey Kff}l, Llil, ..., LF" such that LiLs--- L, is a central element, and sub-
ject to the following relations:

LiEj = q(gj—fjﬂl&i)EjLi’
LiFj = q—(sj—sjﬂlfi)FjLi,
LiL;'=1=L;'L,
K,K;7'=1=K;'K,,
K;=L;L7}

+1
EZszFJEZ if |’L—j|>17
K, — K !
EF;=FE +—'—

q—q '’
ElEix1 — (¢ +q )EiEix B + Ein B} =0,
F}Fiz1 — (¢ +q )FiFi1 Fi + Fin F? = 0.
5.6. Hopf algebra structure. The algebra U,; is a Hopf-algebra with coproduct
A, antipode S and counit €, given by
AE)=FEe1+K oE, AF)=FeoK'+1oF, A(l)=L;®L;
S(E)=-K;'E;,  S(F)=-FK;,  S(L;)=L;"
e(F)=¢e(F) =0, e(L;) = 1.
5.7. The trivial representation. Let 1 denote the U;-module defined by
1=U,/ker(e: U, — C).

Further, for Uq’,—modules X,Y, endow X ®Y with the structure of a Ué-module via
the coproduct. This endows the category of U, é—modules with a monoidal structure.

5.8. Quantum gl,. Denote by U, the Z[q, ¢~ ']-Hopf subalgebra of U] generated
by the divided powers

m B m_ F"
pom = B o _F g
[m]! [m]!

together with

, m € Zxo,c € 7.

L and [Ki;c] = ﬁ Kiq 7D — K—lg~(emitD

i g
mo] ¥ —q

Let U;r denote the subalgebra of U, generated by the Ei(m) and denote by U,
the subalgebra of U, generated by the Fi(m). Let Ug denote the subalgebra of

U, generated by the Liil and the [Kgf} Then U, has the so called triangular
decomposition U, = U, UYUF.

5.9. Duals. Let V be a U;-module, vy an anti-endomorphism of U,. Then we may
give Home(V, 1) the structure of a U,-module via
I’f:<f,’y(l')*>, Z'EUq,fEHOmc(‘/,C).

If v = S, the antipode, then the resulting module is denote V*. Taking v = S~!,
the resulting module is denoted V'®.
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5.10. Assume V is finite dimensional. Define maps

ev: V'V =1, feuw (fv); n:l—-VeV*, 1|—>Zvi®vf,

where {v;}; and {v}}; are dual bases of V' and V* respectively. These maps are Uy-
module homomorphisms. It is evident that they satisfy (2.6) and (2.7)). Similarly,
define

e VRVe o1, v fr (fv); o1l —=VeERV, lHvaQ@vi.
i
These maps are also U;-module homomorphisms and this data satisfies the prop-
erties required for right duals. Thus:

5.10.1. Proposition. IfV is a finite dimensional module then V* is a left dual to
V and V® is a right dual to V.

5.11. Set K, = Ly 'Ly™2...L,_y, then it follows from the defining relations for
U, that K2S(z) = S~ (x)K?.

5.11.1. Proposition. Let V be a finite dimensional Uy-module. The map
pvi VIS VE fe (F K
is a Uy-module isomorphism.
Proof. Let f € V* and let x € Uy, then
pv(af) = (af, K?=) = (£, S(0) K% =) = (f, K257} (2) =) = zpv (f).

Thus, ¢ is a Uz;-module homomorphism. That it is an isomorphism is clear. O

5.12. Weight spaces. Let M be a U;-module and let A € P. The weight space
M)\ is

K; N .
My = {v € M| Ly = q®lEdy, [ O]v = [( e )]v, for all i and m} .
m m

The direct sum @,.p My is a Ug-submodule of M. It follows from the defining
relations that EZ.(m)MA C Mxim(e;—e,4,) and that Fi(m)M,\ C My _m(ei—espr)- A
highest weight vector of weight A is a vector v € M) such that Ei(m)v = 0 for all

i and m. A module M is a highest weight module if it is generated by a highest
weight vector.

i+1 i+1

5.13. Category O. Let O be the full subcategory of U;-modules M satisfying the
following properties:

e For each v € M, the subspace U;‘ v C M is finite dimensional;
e For each A € P the subspace M), is finite dimensional and M = repr Mx;
e M is finitely generated as a U;-module.

Let M € O, then M has a finite filtration 0 = My C M; C --- C My = M such
that each M;/M;_; is a highest weight module.

5.14. Verma modules. Let A € P and let J) be the left ideal of U, generated by
£ Li — q@e) Ki;0] _ [(Alei —€it1)
7 9 ) m m 9
for all 4 and m. The Verma module M () is
M) = U,/ .

The module M () is a highest weight module of weight A. In particular, M (\) € O.
The Verma module M (\) has a unique simple quotient denoted L(\). If A € P+
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then L(A) is finite dimensional. The classes [M(A)], A € P constitute a basis of
Ky(0).

5.15. R-matrices. Grade the subalgebras U, and U, via v = (v1,...,v) € zz,
as follows: the subspace Ul is generated by all the products of Ez(m” s in which for
fixed i, Y j Mij = Vi Define U, similarly. Let V, W € O, define an invertible linear
map I: VAW - VoW by v®w— ¢ My @ v, for ve Vy and w € W,.
5.15.1. Proposition ([Dr, Prop. 4.1], [Lul Thm. 32.1.5], [Ti]). There exists a unique
family of elements P, c U; @ U, v e 7%, such that Pp =1®1 and the map

Ryw: VoW ->WaV, vRw i IT71 Z P,vew) ]|,

VEZ’ZLO
is an isomorphism for every V,W € 0.

5.15.2. Remarks.
(i) Our (-|-) is f in [Lu] and our Ryw is s Ry in [Lul.
(ii) For Ve O and v € V, Ei(m)v = 0 for large enough m. Thus, even though
the sum P, is infinite, this is a well defined operator on V & —.

VEZ%O
5.16. Let f: V — V' and g: W — W' in O. Then it is clear that the diagram

Vew L2 v e w

:RVWJ J,:RVIW,

WV —W oV’
g f

commutes. Moreover:

5.16.1. Proposition. [Lu, Prop. 32.2.4] The following diagrams commute for all
U,V,IW €0

UQVeW
iRy . Ruevyw

UWeV - WUV
Ruw ®id

UVeW
Ryv®id Ruvew)

VoUW - VeoWeU.
id®@Ruw

5.17. The ribbon element. Define a linear map
p: U, @ Uy — Uy, x®yw— S(y)x,
where S is the antipode. Let M € O. Let P,,v € Z%, be as in Prop. |5.15.1] Define
Or: M= M, v g 2037 (P, ).
IJEZEO

This is a well defined linear operator and by [Lu, Prop. 6.1.7], 8 is a U;-module
automorphism. Now suppose M is generated by a highest weight vector vi € M,.
Then by definition of the P,,

O (v)) = ¢ H20)0f 4 terms of lower weight.

As Endy, (M) = C, it follows that 0y, is multiplication by g A+20),
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5.17.1. Proposition. Let V,W € O. Then 9V®W o (9\/ ® Hw)_l =Rwv oRyw.

Proof. The operator 1171 o ZueZ’; P, may be interpreted as an element of an
0

appropriate completion of U, ® qu(see [Lul, §4.1]). Now the proof of our assertion
is exactly the same as that of [Drl Prop. 3.2]. O

6. sl3-CATEGORIFICATIONS AND DERIVED EQUIVALENCES FOR GENERIC ¢

In this section we assume ¢ is not a root of 1. Let V' = L(e;). Then V has weights
€1y--.,6n and V* has weights —e1,..., —¢,. It is clear that V,V* € O.

6.0.2. Proposition. Let A € h*. Then V ® M(\) has a filtration with quotients
isomorphic to M(A+¢;), i = 1,...,n. Similarly, V* @ M(X) has a filtration with
quotients isomorphic to M(A —¢;), i =1,...,n.

Proof. This is a special case of [APWI Prop. 2.16]. O

6.0.3. Corollary. The category O is stable under the functors V@ — and V* ® —.
6.1. Let M € O. Let

Yu(VeoM)=RuyvoRvu(V e M).
Define pr;(V ® M) to be the generalized eigenspace of of Yy, with eigenvalue ¢'.

That is,
pr;(V @ M) =limker(Yy —¢")": V@M — V@ M).

m

By definition, Ya; = RyvRyar = Oygur o (O @ 0ar) 1. As each object of O has
a finite filtration by highest weight modules and 6 acts by scalar multiplication on
highest weight modules, the direct limit in the definition above must stabilize after
finitely many terms.

6.2. sly-categorification. For each a € Z, define a functor

E,: 90— 0, M — pry, (V@ M).

1

As 0y is multiplication by ¢(€11e1420) = ¢2n—1 e infer that

Eq = @pr2a+j+2n71 o(V®—)opr;.
jEeZ
Furthermore, if A = \e; + -+ + A\yep, then
(At eilA+ei+20) — A +20) — (e1ler +20) =200 — i +2). (6.1)

Since Opr(x) = g 20) it follows that V @ M = Docz Ea(M) for all M € O.

6.3. Define

F, = @Prj o(V*®—)opragyjion_i-
JEZ

Since pr; is left and right adjoint to itself, it follows that I is left and right adjoint

to E, (see Prop. [5.11.1]).
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6.4. Let A\=Xe1+---+ A\pey and g = p1e1 + -+ + €, bein P. Write A —, p if
there exists j such that \; —j+1=a—1, u; —j+1=a and A\; = p; for i # j.
Then (6.1]) along with Prop. m implies that

[EMN] = > [M(p)],  [FMN] = > [M(p)]

A—a H—a A

in Ko(0O). Hence

[EaFoaM(N)] = [FaEa M (N)] = cxo[M(N)],
where

e =#{i| N —i+1=0a}—#{i| N —i=a}.

6.4.1. Proposition. The functors E,, F, define a weak sls-categorification on O.
Proof. As the classes of Verma modules are a basis for Ky(0), in view of the above
discussion, all that remains to be checked is that the classes of simple modules are
weight vectors in Ko(O). Let [L(A)] = >°,cpax,u[M(p)]. Then we infer from the
Linkage Principle [CP, Thm. 9.1.8] that if ay , # 0, then u € Wy - A. By reducing to

the case of simple reflections, we deduce that ¢y, = ¢y.x,q- Thus, [L(A)] has weight
Cx,a- O

6.4.2. Remark. The Linkage Principle, as stated in [CP, Thm. 9.1.8], applies only
to the quantum group associated to a simple Lie algebra. However, it remains valid
for Ug(gl,,). One way of seeing this is by using the embedding U, (sl,) — Ug(gl,,)
(see [CP §12.C)).

6.4.3. Proposition. The morphism (Ryy —q)o (Ryy +q¢ 1): VRV - VeV is

ZETo.

Proof. The module V ® V decomposes as V @ V. = L(2¢) @ L(e1 + €2). Since
Riy = Ovev (v @ 0v) ',
(2e1]2e1 +2p) — 2(e1]ler +2p) =2 and (e1 4 e2]|2e1 + 2p) = -2,
we infer that R%, — ¢? is zero on the L(2¢) component of V ® V and R%,, — ¢~
is zero on the L(e; + £2) component of V ® V. Using the specialization ¢ — 1 and
arguing as in [LR] Prop. 4.4], we deduce that Ry is multiplication by ¢ on the
L(2e1) component, and is multiplication by —¢~* on the L(e1 + £3) component of
VeVv. O
6.4.4. Proposition. Let Fy,0;,Y; be as in §3.1. 1| with V = L(e1). Define
®: Hyy1 — End(FEH,
n = q0;,
Xi = }/iv

2

00— ¢*.
Then @ defines a representation of Hyy1 on F";‘H.

Proof. Immediate from Prop. [3.1.1] Prop. [5.16.1} Prop. [5.17.1]and Prop.[6.4.3] O

6.5. Let Fy be as in §3.1.1|with V = L(e;). Then there is an action of Hy on Fg.
Let M € O, it follows from the definitions that

E2M)={veVaVeM|(X;—a)N (X, —a)"v=0, for sufficiently large N}.

Combining this with Prop. m we deduce that the action of Hy on F2 restricts
to an action of Hy on E2. Hence:

6.5.1. Proposition. The functors E = E, and F = F, along with the morphisms
T =T, and X = X, are an sly-categorification.
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6.6. Let E = FE, and F = F,. For m € Z, let O,, denote the subcategory of O
consisting of those modules V' such that [EF(V)] - [FE(V)] = m[V] in K(O). Let

O be as in §4.11] Then Thm. [£.11.1] gives:

6.6.1. Corollary. The complex of functors © induces a self-equivalence of HoP(0O)
and of DP(0). By restriction © induces equivalences HoP(O_,,) — HoP(0,,) and
DP(0_,,) = D"(0,,). Furthermore, the operator on Ky(0) induced by © coincides
with the reflection s on Ko(O) (viewed as an sla-module).

6.7. Let M € O be indecomposable. By the Linkage Principle [CP, Thm. 9.1.8], if
L(\) and L(u) are composition factors of M, then A and p are in the same dot-orbit
of Wy. For A € P, let Oy be the Serre subcategory of O generated by simples of
the form L(w - X), w € Wy. The following result is proved along the same lines as
[ChRo, Thm. 7.24].

6.7.1. Theorem. Let A\, € P have the same stabilizer under the dot action of Wy.
Then there are equivalences

HoP(0)) = Ho?(0,) and  DP(0)) = D"(0,)
that induce the map
M(w- ] [Mw- )], we W,

at the level of Grothendieck groups.
Proof. For i € Z, define t;: Z — Z by

m+1 ifm=i-1,

ti(m)=qm—1 ifm=i,
m otherwise,

and define d: Z — Z by d(m) = m + 1. Let T be the group generated by d and
t;,i € Z. Identify P with Z™ via Ajeq + -+ + Apen — (A1,..., An). This defines an
action of T on P via the diagonal action of 7" on Z™. It is clear that the regular
action of Wy on P commutes with the action of T. We claim that two elements
v,v" € P have the same stabilizer in Wy (regular action) if and only if they are
in the same T-orbit. Indeed, both conditions are equivalent to the following: if
v=uwie1+ - +vpey, and VvV = vieg + -+ - + 1,y then for all ¢ and j, v; —v; =0
if and only if v; — v} = 0.

Thus, if A and u have the same W stabilizer under the dot action, then t(A+p) =
=+ p, for some some ¢t € T. Without loss of generality, we may assume that ¢t = d
or t = t, for some a € Z. If ¢t = d, then consider the module V' = L(g; 4+ -+ - 4+ &,,).
The module V’ is one dimensional and it follows that the functor V@ —: O — O
is an equivalence. Moreover, the induced map at the level of K((O) is precisely
[M(w- )] — [M(w-p)]. If t = t,, then let ©, be the complex of functors obtained
from the sly categorification £ = E, and F = F,. Let s denote the reflection that ©,
induces on Ko(O) (viewed as an sly-module). Define an sly-module U, = B, us
as follows:

CUg—1 = Uq, flUg=1Uq—1, eu; =0 ifi#a—-1, fu;=0 ifi#a.

That is, U, is the direct sum of the defining representation of sls and infinitely
many copies of the trivial module. Thus, on U, the reflection s is given by

SUg—1 = Uq, SUg = —Uq_1, SU;=1u; ifi#a,a—1.

Thus, on the tensor product U®™, we have su, = (—1)" Mu,_,, where u, =
Uy, @ Qu, and h™ (v) = #{i|v; = a}. The map

U{;@n —>K0(O), Uy4p = [M(V)]7
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is an sly-module homomorphism. Hence

sIM(W)] = (=1)" UM (ta(v + p) — p)].

Note that

h™(A+p) =h"(wA+p)) =h"(w-A+p),
for all w € Wy. Thus, if we let h~— = h™ (A + p), then O4[h~] restricts to an
equivalence DP(0,) — DP(0,) that induces the map [M(w - \)] — [M(w - u)],
w € Wy, at the level of Grothendieck groups. O

6.7.2. Remark. Combining the various sly-categorifications (Fy, Fy,), a € Z, gives

~

a categorification of the affine Lie algebra sl in the sense of [Ro|, see [W] §5] and
IBK]. Also cf. [LLT].

7. slo-CATEGORIFICATIONS AND DERIVED EQUIVALENCES FOR ¢ A ROOT OF 1

In this section ¢ will be an fth root of unity, ¢ # 2. We will allow £ = oo, this
corresponds to the case of generic q. However, since the categories we will now
construct sly-categorifications on are different from O, the results of this section do
not subsume those of the previous one.

7.1. Let C be the full subcategory of O consisting of finite dimensional modules.
Let V € C. Then it follows from [APW] Lemma 1.13] that if V) # 0 then V,,») # 0,
for all w € Wy. The following result is classical.

7.1.1. Lemma. Let A € P and let M(\) be the corresponding Verma module. Let
Y be the set of Ug-submodules K of M(X) such that M(X)/K is finite dimensional.
Then 3 has a unique minimal element.

Proof. All weights of M()) belong to 1 = X\ — Z>oR". Let 7 = Wo(PT N )
and let N(A) denote the Ug-module generated by €D, M(A),. If K € X, then
N(XA) C K. Furthermore, the set n’ is finite and the weight spaces of M()) are
finite dimensional, thus M(X)/N(X) € X. Hence, N(A) is the required minimal
element. g

7.2. Weyl modules. Let N(\) C M(A) be the minimal element of the lemma
above. The Weyl module A()) is defined by

A(N) = M(N)/N(N).

By construction, A(X) =0 unless A € P*. In fact, A(\) # 0 if and only if A € P+.
The module A(A) is a highest weight module. Further, any other highest weight
module with highest weight A is necessarily isomorphic to a quotient of A(X). The
module A(A) has a unique simple quotient, denoted L,()). Every simple module in
€ is isomorphic to Ly(X) for some A € P*.

7.3. Affine Weyl group and the Linkage Principle. Let s; € W, denote the
transposition (¢;,&;41). The affine Weyl group is generated by the affine reflections
Siim, 8 =1,...,m—1, m € Z, where s; ,(A\) = s;(X) + ml(e; —€i41), A € h*. The
dot action of Wy on h* is defined as w - A = w(A + p) — p, w € Wy, X € bh*. The
following result is the Linkage Principle for ¢ a root of unity.

7.3.1. Proposition. [APW] Thm. 8.1]Let \,u € PT. If L(u) occurs as a composi-
tion factor of A(X), then p € Wy - A.
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7.4. LetV = A(e1). Then V has weights €1, . .., &, and V* has weights —¢1,..., —&,.
It is clear that C is stable under tensoring with V and V*.

7.4.1. Proposition. Let A € PT. Then V ® A()\) has a filtrations with quotients
isomorphic to AN+ &;), i = 1,...,n. Similarly, V* @ A(X) has a filtration with
quotients isomorphic to AN —¢;),i=1,...,n.

Proof. This is a special case of [APW] Prop. 2.16]. O

7.4.2. Remark. It is understood in the Proposition above that A(u) = 0if p & P+.
7.5. sly-categorification. Let M € C. Let
Yu(VeoM)=Ryy @ Ryu(V e M).

Let pr;(V ® M) be the generalized eigenspace of Yy, with eigenvalue ¢*. For each
a € Z/{Z, define

E,:C—¢C, M+ pry, (V@ M).
As in §6} Eo = D, cz/0z Praatj+2n—1 © (V ® —) o pr;, and the functor
F, = @ prjo (V' ® —)opry, jion 1
JEZ/Z
is left and right adjoint to E,.
7.6. Let A\ =MXe;+---+e, and pp = p1ey + -+ - + ppen be in P, Write X —, p

if there exists j such that A\; —j+1=a—-1 mod ¥/, yu; —j+1=a mod ¢ and
Ai = p; mod £ for i # j. Then

[EAW] = Y [AW],  [FAN]= Y (AW,

A—ap f—a

in Ky(C). Hence

[EaFa AN)] = [FaEaAN)] = ex oAV,
where

cxa=F#{i|\i—i+1=a mod/land \+¢; € PT}

—#{i|\; —i=a modfand A —¢; € PT}.
As in §6] we have
7.6.1. Proposition. The functors E, and F, define an sls-categorification.

Let © be as in §4.11] then we also have:

7.6.2. Corollary (cf. [Rid, Prop. 2.2]). The complex of functors © induces a self-
equivalence of HoP(€) and of DP(C). By restriction © induces equivalences

Ho"(€_,,) == Ho"(C,,) and DP"(€_,,) == D"(€,,).

Furthermore, the operator on Ko(C) induced by © coincides with the reflection s on
Ko(C) (viewed as an sla-module).

7.6.3. Remark. Combining the various sly-categorifications (E,, Fy,), a € Z/lZ,

gives a categorification of the affine Lie algebra sl, in the sense of [Ro], see [W], §5]
and [BK]. Also cf. [LLT].
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