THE DEGENERATE AFFINE BRAID GROUP AND SCHUR-WEYL
TYPE DUALITY

R. VIRK

1. THE CLASSICAL LIE ALGEBRAS

Let V be an n-dimensional vector space. Let gl, = gl(V) denote the Lie algebra of
n X n matrices acting on V. Let t denote the Lie subalgebra of gl, consisting of diagonal
matrices and let h; be the matrix with 1 in the ith diagonal entry and 0 elsewhere. Define
elements ¢;, in the dual space t*, by (g, h;) = 0;;. The trace form (-|-) on gl is given by
(z|y) = tr(zy), where tr is the ordinary matrix trace. This form is symmetric, ad-invariant
and non-degenerate.

Let g be one of the classical Lie algebras: gl,,, s02,41 C gly,, 11, 5Po, C gly, or 502, C gly,.
For each of these Lie algebras g, let h C g denote the Lie subalgebra consisting of matrices
with non-zero entries only on the diagonal and let n C g denote the Lie subalgebra consisting
of matrices with non-zero entries only above the diagonal. Let h* denote the dual space to
bh. The set of roots R C bh* is the set of eigenvalues of h acting on g. The positive roots R™
are the eigenvalues of h acting on n. We have

{ei—¢; |1 <i<j<n}, for gl,,,
{eite |1<i<j<n}U{e |1<i<n}, forsog, 1,
{eitej |1<i<j<n}U{2;|1<i<n}, forspy,,
{eite; |1 <i<j<n}, for so09y,,

RT =

The trace form descends to an ad-invariant, non-degenerate form on g. Furthermore, its
restriction to b is non-degenerate. This gives an isomorphism h — h*, h + (-, h). Via this
isomorphism we obtain a non-degenerate form, also denoted (:|-), on h*. The form on h*
given by (Ei|€j) = (SZ]

For each a € R, the coroot oV € b is defined by (-, ") = %gl‘g))’ where (-, -) is the evaluation
pairing. For each o € R, let s, € GL(h*) be the reflection s4(A) = XA — (X, a")a. The Weyl
group Wy is the subgroup of GL(h*) generated by the reflections s, a € R. It is clear that
(+|-) is Wy invariant.

Define p € h* by

2n—1, for gl,,

n

2/):Z(y—2i+1)5¢, where y =
i=1

2n, for so9,11,
2n+1, for spy,,
2n — 1, for so09,.

The dot-action of Wy on h* is given by w - A = w(A+ p) — p, w € W.
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The dominant integral weights P+ are

A=Aer+ -+ Aen AL Ao > > Ay, for gl,,,
Al,...,ArGZ,

A= AL+ + Apen, AL > A > > A 20,
Myeoos Ay €EZ, or for 502041,
)\17 7)\n€5+Z7

A= Xer+ -+ Men, AM>A > >N, >0, for spy,,,
)\1, .,)\HEZ,

A= XAer+ -+ Men, AM > A 2> 2 N1 2 M) 20,
M,...,\p €Z, or for s09,,
AL A €347,

where [A\| =X\ + - + A

2. DEGENERATE STRUCTURES

Let U(g) be the universal enveloping algebra of g. Let 3 denote the center of U(g). Let
{b;}i, {b'}; be dual bases in g with respect to the trace form. The Casimir is

K = Zbibi.

The Casimir is an element in 3. For a g-module M, we will write xps for the action of k on
M. Note that if M is a highest weight g-module of weight A, then ;s is multiplication by
(AIA =+ 2p).

Let A denote the coproduct on U(g). Then

AR)=k@1+1@Kk+2> b b

(2
If L(p) and L(v) are finite dimensional, highest weight, simple modules of weight p and

v respectively, then it follows that 23, b; ® b’ acts on the L(\) isotypic component of
L(p) ® L(v) as multiplication by

(AIA+2p) = (ulp+2p) — (v|v +2p).

2.1. The degenerate affine braid group. The degenerate affine braid group 0Bry, is the
algebra over 3 presented by generators t1,...tx_1, €1,...,€x_1 and 1, ..., T, subject to the
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relations
t? =1, (2.1)
tit; = tit;,  if [i—j| > 1, (2.2)
titiv1t; = tivatitiva, (2.3)
tie; = ejt;, if [i — j] # 1, (2.4)
tivieiliv1 = tieitati, (2.5)
zjt; = tixj, if i —j| > 1, (2.6)
Tia1t; = tix; + ety (2.7)
eiej = eje;, if i —j| > 1, (2.8)
exj = T;€;, if i — 5| > 1, (2.9)
TiTj = T;%;. (2.10)

Let V and W be g-modules. Define

flip: VoW -sWaeV,
VRW—wR.

The map flip is a g-module isomorphism Vo W — W @ V.
Theorem 2.1.1. Let M,V be g-modules. Define

0® : OBy, — Endy(M @ VEF),
t; > idy @idP T @ flip @ idF

T 5(”M®V®i — Kpeyei-1 & idy — idM®V®i71 ® Ky) @ idyer—i,

1 . . .
e; — idy ® idyei-1 ® 5(/43\/@{/ —ky ®idy —idy ® Iiv) ® idyer—i-1.

Then 0® defines an action of OBry, on M @ V&,

Proof. The relations (2.1), (2.2), (2.3)), (2.6), (2.8), (2.9) and (2.10) are clear. It suffices to
prove (2.4) and (2.5) for k = 3. Let m € M and let v,v’,v"” € V. Then

0%(er)(m@vev @V") =Y mebv b @
and

0P(er)(m@vev @v") = Zm@v ® biv' @ b,

7

where {b;}; and {b'}; are dual bases of g with respect to (:|-). It follows that

tiej = €jti, if ‘Z —]| 75 1,

tit1€itit1 = tiejy1t;.
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These imply (2.4]) and (2.5]) respectively. Finally, it is sufficient to prove (2.7 for k = 2. We
have

00 (2) (m @ v © ') = %(M(m) AR @1-181®K)(me e )

1 .
:§(A(m®1+1®ﬁ+22bi®bz)—A(n)®1—1®1®ﬁ)(m®v®v/)

i

ZA )@ b)Y (meve)

= Z bim ® v ® b'v' +m ® byv @ biv')
i

= 0®(tiz1t1 +e1)(m @ v @0).
This gives (2.7)). O
Example 2.1.2. Consider the Lie algebra gl, = gl(V). The defining representation V' is
n-dimensional and isomorphic to L(e;). In particular, ky = (e1]e1 + 2p) = 2n — 1.

Let M be a gl,-module. Let E;; € gl, denote the elementary matrix with 1 in te (3, j)-

entry and O elsewhere. Then {E;;}]';_; and {Ej;}];_; are dual bases with respect to the
trace form. Let v,v" € V, then

n
Z Eijv & Ejiv' = U/ X .
ij=1
We deduce that the element e; € OBr; acts on M ® V& the same as t;. The resulting
algebra is the degenerate affine Hecke algebra, denoted OH ,'jff. It is presented by generators
t1,...,tg_1, 1,..., Xk, subject to the relations

t2 =1,
tit; = titg,  if [i—j| > 1,
titit1ts = tigatitivr,
tixv; = xjt;, if |1 — j| > 1,
Tip1ty = tiw; + 1,
TiTj = T;T;.
Let A € P, then
L(\) ® L(e1) @L A,

where \* runs through all weights u € P™ such that p = A+e; for some i. Thus, if M = L()),
A € PT, then z7 acts on the L(\ + ¢;) isotypic component of M ® V as multiplication by

1
(el e 20) — (AN 20) — (ealer +20)) = hi— i+ 1
where \; = (A|g;).
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